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In this work we study the regularity of the solution of the following nonlinear
anisotropic parabolic equationðPÞ
@tu divða^ðt; x; u;DuÞÞ þ Fðt; x; uÞ ¼ f in Q;
uð0; xÞ ¼ 0 in X;
u ¼ 0 on ð0;TÞ  @X;
8><
>:where X is a smooth bounded open set of RN ðNP 2Þ; T > 0 a real number,
Q= (0,T) · X, and a^ : Q R RN ! RN is a Carathe´odory function satisfying, a.e.
(t,x) in Q and 8u 2 R and 8n; n0 2 RN, the following:13 0 790788193; fax: +213 0 21 42 37 32.
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2 F. Mokhtaria^ðt; x; u; nÞnP a
XN
i¼1
jnijpi ; a^ðÞ ¼ ða1ðÞ; . . . ; aNðÞÞ; ð1Þ
jaiðt; x; u; nÞj 6 b bþ jujp þ
XN
j¼1
jnjjpj
 !1 1pi
; i ¼ 1; . . . ;N; ð2Þ
ða^ðt; x; u; nÞ  a^ðt; x; u; n0ÞÞðn n0Þ > 0; n–n0; ð3Þ
where a, b are strictly positive real numbers, b is a given positive function in L1(Q), and
pi > 1, i= 1, . . . ,N.
Let Fðt; x; uÞ : Q R! R be a Carathe´odory function satisfying the following
conditions:sup
jrj6k
jFðt; x; rÞj 2 L1ðQÞ; 8k > 0; ð4Þ
Fðt; x; uÞ signðuÞP 0; a:e:ðt; xÞ 2 Q; 8u 2 R: ð5Þ
We assume that f 2 Lm(Q) when1 < m <
ðNþ 2Þp
ðNþ 2ÞpN ;
1
p
¼ 1
N
XN
i¼1
1
pi
; m0 ¼ m
m 1 ; ð6Þwhere the exponents p1, . . . ,pN are restricted as follows:1þ N
Nþ1 < pi <
pð2mþNÞ
ð1mÞð2þNÞpþmN ; i ¼ 1; . . . ;N
p < NðNþ2Þ
mðNþ1Þ :
8<
: ð7ÞAs a prototype example, we consider the model problem@tu
XN
i¼1
ðDiðjDiujpi2DiuÞ  jujpi1uÞ ¼ f in Q;
uð0; xÞ ¼ 0 in X;
u ¼ 0 on ð0;TÞ  @X;
8>><
>>:with f 2 Lm(Q), m as in (6), and p1, p2, . . . ,pN are restricted as in (7).
Anisotropic operators are involved today in various branches of applied science. In
some cases, they provide realistic models for the study of natural phenomena in biology
and ﬂuid mechanics (see references of [6]). In the isotropic case
(p1 = p2 = , . . . , = pN = p), it has been proved in [2] that there exists a weak solution
u 2 Lpð0;T;W1;p0 ðXÞÞ to nonlinear parabolic equations with p > 1þ NNþ1 and
1 < m < ðNþ2ÞpðNþ2ÞpN. Existence and regularity of solutions to nonlinear anisotropic elliptic
equations, with F ¼ 0; 1 < m < Np
NpNþp, and 2 1N < pi < ðN1ÞpNp ; p < N, has been proved
in [3]. Recently in [7,6], the author has discussed the existence of solutions for aniso-
tropic parabolic equations with measures (or L1(0,T;L1 logL1(X))) data under the
assumptions1þ N
Nþ1 < pi <
pðNþ1Þ
N
; i ¼ 1; . . . ;N;
p 6 NðNþ2Þ
Nþ1 :
(
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f 2 LmðQÞ; 1 < m < ðNþ 2Þp=½ðNþ 2ÞpN, and pi for i= 1, . . . ,N are restricted as
in (7).
Before giving our results, it seems of interest to make some remarks.
Remark 1.1. We note that the assumption pi > 1þ NNþ1 for i= 1, . . . ,N is usual when
we search for weak solutions to problems, as (P), with Lm-data (m> 1 small). It
corresponds to the well-known isotropic condition p > 1þ NNþ1.
Remarks 1.1. Let pi > 1þ NNþ1 ; i ¼ 1; . . . ;N.
1. We havepðNþ 1Þ
N
<
pð2mþNÞ
ð1mÞð2þNÞpþmN ; 8m > 1:2. In the isotropic case ðpi ¼ p ¼ pÞ, the assumptionp <
pð2mþNÞ
ð1mÞð2þNÞpþmN
is true for all m> 1.
3. If p 6 N , we can writeðNþ 2Þp
ðNþ 2ÞpN
NðNþ 2Þ
pðNþ 1Þ ¼
ðNþ 2ÞððNþ 1ÞpNÞðpNÞ
pðNþ 1ÞððNþ 2ÞpNÞ 6 0:Then, the assumption p < NðNþ2Þ
mðNþ1Þ is true for all m 2 1; ðNþ2ÞpðNþ2ÞpN
 
.2. ON SOME ANISOTROPIC SOBOLEV SPACES
Let X be a bounded smooth open subset of RN and ~p ¼ ðp1; . . . ; pNÞ 2 RN with piP 1
for i= 1, . . . ,N. We deﬁne the anisotropic spaceW
1;pi
0 ðXÞ as the closure of C10 ðXÞ with
respect to the normkuki ¼ kukLpi ðXÞ þ kDiukLpi ðXÞ; Diu ¼
@u
@xi
:Its dual is denoted by W
1;pi
0 ðXÞ
 0
. Next, we putX1;
~p
0 ðXÞ ¼
\N
i¼1
W
1;pi
0 ðXÞ and L~p 0;T;X1;~p0 ðXÞ
 
¼
\N
i¼1
Lpi 0;T;W
1;pi
0 ðXÞ
 withkuk
X
1;~p
0
ðXÞ ¼
XN
i¼1
kDiukLpi ðXÞ; kukL~p 0;T;X1;~p
0
ðXÞð Þ ¼
XN
i¼1
kuk
Lpi 0;T;W
1;pi
0
ðXÞð Þ:Then one has the following Lemma.
4 F. MokhtariLemma 2.1 (Anisotropic Sobolev inequality, [10]). Let ~p ¼ ðp1; p2; . . . ; pNÞ with piP 1
and u 2 X1;~p0 ðXÞ. ThenkukLrðXÞ 6 C
YN
i¼1
kDiukLpi ðXÞ
 !1
N
; ð8Þwhere r ¼ p ¼ Np
Np if p < N with p given by
1
p
¼ 1
N
PN
i¼1
1
pi
. The constant C depends on N
and pi, i = 1, . . . ,N. Furthermore, if pP N, the inequality (8) is true for all rP 1 and C
depends on r and ŒXŒ.
Possible references on the theory of anisotropic Sobolev spaces are [10,1].
3. STATEMENTS OF RESULTS
Deﬁnition 3.1. A function u is a weak solution of problem (P) if:u 2 L1ð0;T;W1;10 ðXÞÞ; a^ðt; x; u;DuÞ 2 L1ðQÞNFðt; x; uÞ 2 L1ðQÞ;
and
Z
Q
u@tu dxdtþ
Z
Q
a^ðt; x; u;DuÞDu dxdtþ
Z
Q
Fðt; x; uÞu dxdt ¼
Z
Q
uf dxdt;for all u 2 C10 ðRNþ1Þ which is zero in a neighborhood of (0,T) · oX and {T} · X.
The main result of this paper is the following.
Theorem 3.1. Let pi, i = 1, . . . ,N are restricted as in (7), m as in (6), and f 2 Lm(Q).
Then under the assumptions (1)–(5), the problem (P) has at least one weak solution
u 2 L~q 0;T;X1;~q0 ðXÞ
 
whereqi ¼
ððNþ 1ÞpNÞmpi
ðNþ 2mÞp ; i ¼ 1; . . . ;N:Proof. The proof needs three steps.
Step1: Approximation.
Let ðfnÞ  C10 ðQÞ such thatfn ! f strongly in LmðQÞ; as n! þ1;
andkfnkLmðQÞ 6 kfkLmðQÞ; 8nP 1:
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@tun  divða^ðt; x; un;DunÞÞ þ Fðt; x; unÞ ¼ fn in Q;
unð0; xÞ ¼ 0 in X;
un ¼ 0 on ð0;TÞ  @X:
8><
>:The existence of a solution un in L
~pð0;T;X1;~p0 ðXÞÞ \ Cð½0;T;L2ðXÞÞ of the problem (Pn)
is classical; see for instance [5].
Remark 3.1.
Under the assumption f 2 Lm(Q) in Theorem 3.1, we can deduce that f is never in the
dual space L~p 0;T;X1;
~p
0 ðXÞ
  0
, so that the result of this paper deals with irregular
data as in [6,7] . If m tends to be 1, then qi tends to be
pi
p
p NNþ1
 
, which is bound on qi
obtained in [4,7].
In the remainder of this paper, we denote by C or Cj; j 2 N, various positive constants
depending only on the structure of a^;F; jXj; jQj; kfkLmðQÞ, and T, never on n.
Step2: Uniform estimates on (un).
Lemma 3.1. Let m as in (6). Assume (1)–(5) hold and the corresponding exponents
pi,i = 1, . . . ,N are restricted as in (7). Then there exists a constant C1 > 0 such that for
all nP 1:kunkL~q 0;T;X1;~q
0
ðXÞð Þ 6 C1; qi ¼
ððNþ 1ÞpNÞmpi
ðNþ 2mÞp :andkunkLqðQÞ 6 C1;
1
q
¼ 1
N
XN
i¼1
1
qi
: ð9ÞProof of Lemma 3.1. By the deﬁnition of qi and q, we set qi ¼ hpi; h ¼ qp. Thanks to (6),
we have h 2 (0,1).
Let d 2 (0,1), s 2 (0,T), choosing
uðuÞ ¼ ðð1þ jujÞ1d  1ÞsgnðuÞvð0;sÞas test function in (Pn), by (1), we obtainZ
X
dx
Z unðs;xÞ
0
uðrÞdrþ ð1 dÞa
XN
i¼1
Z s
0
Z
X
jDiunjpi
ð1þ junjÞd
dxdtþ
Z s
0
Z
X
Fðt;x; unÞuðunÞdxdt
6
Z s
0
Z
X
jfnjjuðunÞjdxdt: ð10Þ
6 F. MokhtariObserving that there exist two positive constants C2 and C3 such that8r 2 R;
Z r
0
uðtÞdtP C2jrj2d  C3;by (10) and (5), we can writeC4kunk2dL1ð0;T;L2dðXÞÞ þ að1 dÞ
XN
i¼1
Z
Q
jDiunjpi
ð1þ junjÞd
dxdt
6 Cþ CkfnkLmðQÞ
Z
Q
ð1þ junjÞð1dÞm
0
dxdt
 1=m0
: ð11ÞSo thatkunkL1ð0;T;L2dðXÞÞ 6 Cþ C
Z
Q
ð1þ junjÞð1dÞm
0
dxdt
 1=ð2dÞm0
; ð12ÞandXN
i¼1
Z
Q
jDiunjpi
ð1þ junjÞd
dxdt 6 Cþ C
Z
Q
ð1þ junjÞð1dÞm
0
dxdt
 1=m0
: ð13ÞNext, writingyni ¼
Z
Q
jDiunjqidxdt ¼
Z
Q
jDiunjqi
ð1þ junjÞdh
ð1þ junjÞdh;and using Ho¨lder inequality, the inequality (13) givesyni 6 Cþ C
Z
Q
ð1þ junjÞð1dÞm
0
dxdt
 1=m0 !h Z
Q
ð1þ junjÞd
h
1h
 1h
; ð14Þfor all i= 1, . . . ,N. Now we choose d, such thatð1 dÞm0 ¼ dh
1 h ¼
Nþ 2 d
N
q ð15Þso thatd ¼ ðNþ 2Þðp qÞ
Nþ p q : ð16ÞPutting d ¼ Nþ2d
N
q, we obtaind ¼ ððNþ 1ÞpNÞm
Nþ pmp : ð17ÞNow, by (14) and (15), we can writey
q
Nqi
ni 6 C 1þ
Z
Q
ð1þ junjÞddxdt
 ð1hmÞ qNqi
;
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i¼1
y
q
Nqi
ni 6 CN 1þ
Z
Q
ð1þ junjÞddxdt
 ð1hmÞ
: ð18ÞNow, observe thatp > 1þ N
Nþ 1) p >
2N
mþN) 2 d < d < q
:Using the interpolation inequality, we getkunðt; :ÞkLdðXÞ 6 kunðt; :Þk1sL2dðXÞkunðt; :ÞksLq ðXÞ; s ¼
ð2 d dÞq
ð2 d qÞd : ð19ÞBy (16), (17), and (19), we see thats ¼ N
Nþ 2 d and ds ¼ q:We combine (12) and (19), we can writeZ T
0
kunkdLdðXÞdt 6 kunkð1sÞdL1ð0;T;L2dðXÞÞ
Z T
0
kunkdsLq ðXÞdt
6 C 1þ
Z
Q
ð1þ junjÞddxdt
  ð1sÞd
ð2dÞm0
Z T
0
kunkqLq ðXÞdt
¼ C 1þ
Z
Q
ð1þ junjÞddxdt
  q
Nm0
Z T
0
kunkqLq ðXÞdt ð20ÞLet us apply Lemma 2.1, we getZ T
0
kunkqLq ðXÞdt 6 C
Z T
0
YN
i¼1
Z
X
jDiunjqidx
  q
Nqi
dt:The fact that
PN
i¼1
q
Nqi
¼ 1 and the generalized Ho¨lder inequality, lead toZ T
0
kunkqLq ðXÞdt 6 C
YN
i¼1
Z
Q
jDiunjqidxdt
  q
Nqi
: ð21ÞFrom (18), (20), and (21) we can writeZ
Q
junjddxdt 6 C 1þ
Z
Q
junjddxdt
 1þ q
Nm0hm
¼ C 1þ
Z
Q
junjddxdt
 1þ qN qNm qmp
: ð22ÞBecause1þ q
N
 q
Nm
 q
mp
< 1() m < N
p
þ 1;
8 F. MokhtariandðNþ 2Þp
ðNþ 2ÞpN <
N
p
þ 1;thanks to (6), the inequality (22) implies that the sequence (un) is bounded on
Ld(Q). Which then yields, by (14), a bound on the norm of (Diun) in L
qiðQÞ where
qi is given by (16). Thus (9) follows from (21). This ﬁnished the proof of Lemma
3.1. h
Remark 3.2. The condition p < NðNþ2Þ
mðNþ1Þ guarantees that q < N.
Lemma 3.2. There exists a constant C4 such thatkFð:; :; unÞkL1ðQÞ 6 C4; 8nP 1:Proof of Lemma 3.2. By (10), (15), and (22), we can writeZ
Q
Fðt; x; unÞuðunÞdxdt 6 Cþ CkfnkLmðQÞ
Z
Q
ð1þ junjÞð1dÞm
0
dxdt
 1=m0
6 C:Using the above estimate and assumptions (4) and (5), we getZ
Q
jFðt; x; unÞjdxdt 6
Z
Q\fjunj61g
jFðt; x; unÞjdxdtþ 1uð1Þ
Z
Q
Fðt; x; unÞuðunÞdxdt
6 C: Lemma 3.3. Assume that pi,i = 1, . . . ,N are restricted as in (7). Thenri ¼ mðNþ 1Þpið2mþNÞðpi  1Þp
p N
Nþ 1
 
> 1; i ¼ 1; . . . ;N:The sequence ðu0nÞ ¼ ð@tunÞ remains in a bounded set of
Lrð0;T; ðX1;~r00 ðXÞÞ0Þ þ L1ðQÞ;~r0 ¼ ðr01; . . . ; r0NÞ; r0i is the conjugate ri.
Proof of Lemma 3.3. Since pi <
pð2mþNÞ
ð1mÞð2þNÞpþmN, we have ri > 1. Knowing that
(fn  F(.,.,un)) is in the bounded set of L1(Q), we have to show thatvn ¼ div ða^ðt; x; un;DunÞÞ
belongs to a bounded set of Lr 0;T; X1;~r
0
0 ðXÞ
 0 
. By using the inequality (11) of [7],
we havekvnkrðX1;~r
0
ðXÞÞ0 6 C
XN
i¼1
Z
X
ðbþ junjp þ
XN
j¼1
jDjunjpjÞð1
1
pi
Þridx
 !r=ri
:Lets ¼ 1 1
pi
 
ri ¼ mðNþ 1Þð2mþNÞp p
N
Nþ 1
 
¼ q
p
< 1:
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0
ðXÞÞ0 6 C
XN
i¼1
Z
X
bs þ junjq þ
XN
j¼1
jDjunjqj
 !
dx
 !r=ri
:Using this inequality, (9), and Lemma 3.1, we haveZ T
0
kvnkrðX1;~r
0
ðXÞÞ0 6 C; 8nP 1:Step3: Passage to the limit.
Let r- = min{ri, i= 1, . . . ,N} (ri given as in Lemma 3.3). Then, thanks to Lemma
3.3, we have that ðu0nÞ remains in a bounded set of the spaceLr 0;T; X1;~r
0
0 ðXÞ
 0 
þ L1ðQÞ  Lrð0;T;W1;rðXÞÞ þ L1ðQÞ:
By Lemma 3.1, (un) remains in a bounded set ofL~q 0;T;X1;~q0 ðXÞ
 
 Lq 0;T;W1;q0 ðXÞ
 
; qi ¼
ððNþ 1ÞpNÞmpi
ðNþ 2mÞp :Using Corollary 4 in [9], we obtain thatun ! u strongly in L1ðQÞ and a:e: in Q: ð23Þ
Now, adopting the approach of [7], there exists a subsequence (still denoted (un)) such
thatDun ! Du a:e: on Q: ð24Þ
Since a^ is a Carathe´odory (23), (24), (2), and Lemma 3.1, we get for all i= 1, . . . ,Naiðt; x; un;DunÞ ! aiðt; x; u;DuÞ weakly in LriðQÞ; ð25Þ
where ri given as in Lemma 3.3. Using the fact that F is a Carathe´odory function, (4),
(5), (23), and (24), we work in exactly the same way as that of Lemma 4.5 in [8], we
obtain thatFðt; x; unÞ ! Fðt; x; uÞ strongly in L1ðQÞ: ð26Þ
By (23), (25), (26) we can pass to the limit for nﬁ+1 in the weak formulation of (Pn)
and we obtain that u is a weak solution for (P). hACKNOWLEDGEMENTS
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